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abstract
We develop a high level action description language to ex-
press knowledge about cellular processes and mechanisms.
This involves representation and reasoning about both dis-
crete properties and continuous processes. Both of them
may be changed by exogenous actions or triggers. We use
differential equations to represent continuous processes. We
give syntax and semantics of the language and also present
an approximate characterization. We present a temporal
query language for such domains. We then illustrate the use
of our language with respect to biological examples and dis-
cuss an implementation of the approximate characterization.

Introduction
Reasoning about actions and changes is a major cognitive
task of a robot acting in the physical world. Rigorous
formalisms for reasoning about actions have been devel-
oped and applied successfully to robotics (Grosskreutz &
Lakemeyer 2000; Reiter 2001a; Thielscher 2000a; Shana-
han 1998; Baral et al. 1998). Although the physical world is
continuous, most of existing action languages are inherently
discrete. The discrete modeling approach has been generally
successful. Nevertheless, it has limitations in various phys-
ical domains where the modeling of continuous changes is
essential. In this paper, we aim to develop a high level ac-
tion language for modeling such physical domain, namely
the domain of cellular processes and mechanisms. A cell is
inherently a hybrid system that has both continuous proper-
ties such as concentrations of proteins and discrete proper-
ties such as whether two proteins are bounded or not. Be-
sides, the constituents of a cell can be changed by either an
exogenous action or an internally triggered action. An ex-
ample of the former is the binding of a ligand to a receptor,
and an example of the latter is the induction or stimulation of
a biochemical reaction by some protein concentrations. Pro-
tein concentrations change continuously in time, and those
concentrations determine the behavior of the cell and may
trigger intra-cellular processes. On the other hand, the con-
centration of a particular protein is guided by concentrations
of other proteins and some discrete properties of the cell.
But it can be disrupted by extra-cellular events or newly trig-
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gered intra-cellular processes. The continuous changes are
modeled in kinetic equations, for example, A + B � AB.
This kinetic equation is translated into differential equations,
such as

ẋA = ẋB = k↽ × xAB − k⇀ × xA × xB

ẋAB = k⇀ × xA × xB − k↽ × xAB

where ẋ = dx/dt and xA, xB , xAB are the concentration
levels of proteins A,B and complex AB. Besides, k⇀ and
k↽ are rate constants for association and dissociation.

In this work, we design an action language to model cel-
lular behaviors. With the goal of intuitiveness in mind, we
choose to extend the high-level action language A. To cap-
ture the continuous properties, we extend states to include
continuous real-valued variables. Further new features are
flow constraints and triggered actions. Flow constraints are
based on differential equations and dictate the continuous
change of the cell from states to states. Triggered actions
are important elements in modeling the cell (Tran & Baral
2004; 2005). We adopt the semantics of hybrid automata
for our language. A hybrid automata related semantics
would allow for our utilization of state-of-the-art methods
and techniques from hybrid automata and symbolic model
checking community (Henzinger, Ho, & Wong-Toi 1997;
R. Mateescu & H. Garavel. 1998; Cimatti et al. 2002;
Gerard J. Holzmann 2003). This enables us in having an
efficient implementation of reasoning about the cellular be-
haviors.

There have been various works in action languages deal-
ing with continuous changes and triggered actions. Logic
and differential equations were combined to model piece-
wise continuous systems in (Sandewall 1989; Kolen &
Zhao 1996). Natural actions - triggered actions in disguise
- and continuous changes have been studied in situation
calculus (Fusaoka 1996; Reiter 1996; 2001b; Pinto 1998;
Grosskreutz & Lakemeyer 2000). Event calculus based for-
mulations of discrete-continuous systems were provided in
(Shanahan 1990; Miller & Shanahan 1996). Various other
formalisms for continuous changes and processes have been
proposed (Herrmann & Thielscher 1996; Chintabathina,
Gelfond, & Watson 2005; Thielscher 2000b; Baral, Son, &
Tuan 2002; Thielscher 2001). Nevertheless, none of the
existing works has all the key features: the intuitiveness
of high-level action language A, combination of continu-



ous changes and discrete changes, triggered actions, and
a large body of support for efficient reasoning (Henzinger,
Ho, & Wong-Toi 1997; R. Mateescu & H. Garavel. 1998;
Cimatti et al. 2002; Gerard J. Holzmann 2003). Moreover,
the only language which has been applied to biological do-
mains (as far as we know), does not capture the reasoning
about continuous changes (Tran & Baral 2004).

With the focus on formulating reasoning about actions,
our work also differs from the array of biological model-
ing frameworks. Those include qualitative reasoning sys-
tems (Heidtke & Schulze-Kremer 1998; Alur et al. 2001;
Antoniotti et al. 2003a; 2003b; Batt et al. 2005), Petri
nets (Reddy, Liebman, & Mavrovouniotis 1996; Peleg, Yeh,
& Altman 2002), π-calculus (Regev, Silverman, & Shapiro
2001), process algebra (Funahashi et al. 2003; Calder, Hill-
ston, & Gilmore. 2004), rewriting logic (Eker et al. 2002;
Talcott et al. 2004), and symbolic modeling checking (Peres
& Comet 2003; Chabrier et al. 2004; Fages, Soliman, &
Chabrier-Rivier ). By extending action language A, our
work enables us to reason in problems such as planning, ex-
planation, prediction, etc.

Action Language for Continuous Processes
Syntax
The alphabet of ALCP consists of the following parts.

• a finite set A of actions: there are two distinguished types
of actions: exogenous actions and triggered actions.

• a finite set B of Boolean variables.

• a finite set X of continuous (real) variables and the set of
dotted variables Ẋ = { ẋ | x ∈ X }: the variables repre-
sent processes that change continuously through time and
the dotted variables represent their first derivatives.

• a set F of functions from dom(x1) × dom(x2) × . . . ×
dom(xN ) to R, where x1, x2, . . . xN are the continuous
variables and dom(xi) is the domain of xi.

A term is an algebraic expression of variables in X, func-
tions in F, constants in R and operators in {+,−,×,÷}.
An atom is of the form f = � or f = ⊥ where f ∈ B; or
is of the form E1 op E2, where E1 and E2 are terms and
op ∈ {<,≤,=,≥, >}. Atoms f = � and f = ⊥ are usu-
ally shorten to f and ¬f , respectively. A flow constraint is
of the form ẋ ≡ ψ, where ẋ ∈ Ẋ and ψ is a term.

Domain description A domain description is a collection
of propositions of the form

f constrains ẋ ≡ ψ (1)

a causes v = ϕ if g (2)

h triggers b (3)

We assume that f is a conjunction of atoms of Boolean vari-
ables, while g and h are conjunctions of atoms. ẋ ≡ ψ is a
flow constraint, v ∈ X∪B is a variable. ϕ is a term if v ∈ X
and ϕ is either � or ⊥ when v ∈ mathbfB. Finally, we as-
sume that a is an action, and b is a triggered action. Proposi-
tions of the form (1), (2) and (3) are respectively called flow
rules, dynamic rules and trigger rules.

Intuitively, a flow constraint ẋ ≡ ψ indicates that continu-
ous variable x changes at a speed ψ. To illustrate the syntax,
let us consider a hypothetical example about the cell.

Example 1. Ligand binding to Receptor activates Protein.
The concentration x of active Protein increases in time ac-
cording to the differential equation ẋ = 1. The concentra-
tion of inactive Protein decreases according to ẋ = −0.1x.
Besides, whenever the concentration of active Protein is
greater than 20, the degradation of Protein (by some other
protein) is triggered, which keeps the concentration of Pro-
tein stable at x = 20. The domain description consists of
the following propositions.

active ∧ ¬stable constrains ẋ ≡ 1

¬active constrains ẋ ≡ −0.1x

active ∧ stable constrains ẋ ≡ 0

bind causes active

degrade causes stable if active ∧ (x ≥ 20)

¬stable ∧ x ≥ 20 triggers degrade

Here, the alphabet consists of the components: A =
{bind, degrade}; B = {active, stable}, X = {x}, and
F = {fα,β(x) ≡ αx+ β | α, β ∈ R}.

An action theory is a pair (D,O) where D is a domain
description and O is a set of observations of the form

initially v = c

where v ∈ X ∪ B, c is a constant in the domain of x when
v ∈ X, and c is either � or ⊥ when v ∈ B.

Queries An action sequence is a sequence A1 :
t1, . . . An : tn, where Ais are sets of exogenous actions and
tis are continuous time points (0 ≤ t1 < . . . < tn). A pol-
icy is a set of statements of the form do a if f , where a
is an exogenous action and f is a conjunction of atoms.

A query in ALCP is of the forms

Q1 = f1 after S

Q2 = f2 given P

where f1, f2 are temporal goal formulas about properties of
a sequence of states, S is an action sequence and P is a
policy. Intuitively, Q1 asks if f1 will be true after the action
sequence S occurs, and Q2 asks if f2 is true with respect to
the policy P .

Temporal logics such as LTL, CTL∗ (Emerson & Clarke
1982), and their extensions have been used to express dis-
crete properties of temporal goals. We define a temporal
goal formula to be built on atoms, the connectives ¬, ∧, ∨
and operators �, ♦, ©[δ] and ∪. The operators �, ♦, ©[δ]
and ∪ are a generalization of linear temporal logic operators,
whose semantics shall be defined later.

Definition 1 (Temporal goal). Let 〈p〉 be an atom, 〈f〉 be a
goal formula, δ be a constant in R.

〈f〉 ::= 〈p〉 | 〈f〉 ∧ 〈f〉 | 〈f〉 ∨ 〈f〉 | ¬〈f〉

| © [δ]〈f〉 | �〈f〉 | ♦〈f〉 | 〈f〉 ∪ 〈f〉



Semantics
Given a domain description D, an interpretation I of D is a
value assignment of variables in D. Given an interpretation
I , we evaluate the value I(ϕ) of a function ϕ (or the truth
value I(f) of a propositional logical formula f ) in the usual
way. An interpretation I satisfies a logical formula f , writ-
ten as I |= f , if I(f) = �. I |= ϕ = c if I(ϕ) = c where
c ∈ R. Similarly, I |= ϕ > c if I(ϕ) > c and I |= ϕ >< c
if I(ϕ) < c.

A state of D is an interpretation s if for each x ∈ X,
there exists at most one flow rule (f constrains ẋ ≡ ψ)
such that s |= f . If such a flow rule exists, then the flow
constraint ẋ ≡ ψ is said to be entailed by s, written as s |=
ẋ ≡ ψ. If for a continuous process x, no flow constraint
f constrains ẋ ≡ ψ is in the domain description or s �|= f ,
then we consider that s |= ẋ ≡ 0, meaning that the value of
x is not changed.

An action a is triggered by a state s, if there exists a trigger
(f triggers a) such that s |= f .

The following example illustrates the notion of interpre-
tations and states.

Example 2. Let us consider the domain description in Ex-
ample 1. Let s = {active,¬stable, x := 20.1} be an in-
terpretation. That is: s(active) = �, s(stable) = ⊥,
and s(x) = 20.1 . Let ϕ(x) = 0.5x + 1, then s(ϕ) =
0.5∗20.1+1 = 11.05. Let g = ¬stable∧(ϕ ≤ 10∨x > 20).
Then s(g) = �, thus s |= g.
s entails the flow constraint ẋ ≡ 1. Since it is the only flow

constraint for variable x, s is a state. We also have that s |=
¬stable ∧ x ≥ 20, thus s triggers the action degrade.

Transition functions Given a domain D, the effect of an
action a in a state s is the set of assignments E(a, s) =
{v := s(ϕ) | (a causes v = ϕ if f) ∈ D and s |=
f}. The effect of a set A of actions in a state s is the set
E(A, s) =

⋃
a∈AE(a, s). The set E(A, s) is consistent if

there exist no continuous variable v and constants c �= c′

such that v := c ∈ E(A, s) and v := c′ ∈ E(A, s), and
there exist no Boolean variable v such that both v := � and
v := ⊥ are in E(A, s).

In the following definitions, we assume that a domain de-
scription D is given.

Definition 2 (Discrete state transition). Let A be a set of
actions and s is a state such thatE(A, s) is consistent. Then
A transforms s to a state s′ (denoted (Φ(s,A)) if:

• s′ = s \ E(A, s) ∪ E(A, s), where E(A, s) = {v :=
c | v := c′ ∈ E(A, s) ∧ c �= c′}.

• and there exists at most one flow rule “f constrains ẋ ≡
ψ” for any continuous variable x given s′ |= f .

Definition 3 (Continuous state transition). A state s changes
continuously after a time interval δ > 0 to a new state sδ , if:

• For all x ∈ X, if s entails a flow constraint ẋ ≡ ψ, then
there exists a differentiable function Fx : [0, δ] → R such
that s(x) = Fx(0) and for all ε ∈ (0, δ), the equality ẋ ≡
ψ is satisfied by the set of assignments { x := Fx(ε), ẋ :=

Ḟx(ε) | x ∈ X }. Here, Ḟx : (0, δ) → R is the first
derivative of Fx. sδ(x) = Fx(δ).

• If s entails no flow constraint of the form ẋ ≡ ψ, then
sδ(x) = s(x).

• For all ε ∈ [0, δ), no action is triggered by the state sε =
s|B ∪ {x := s(x)| � ∃Fx} ∪ {x := Fx(ε) | ∃Fx}. Here,
s|B is the subset of Boolean assignments of s.

In general, Fx is a function whose first directive on x is
the same as ψ if f constrains ẋ ≡ ψ is a rule in the
language and s |= f . Besides, Fx satisfies boundary condi-
tions. Further more, no other triggers interrupt this function.
In general, multiple states sδ may satisfy Definition 3. In this
work, we assume that the domain D is such that a state sδ,
if it exists, is unique. The existing state sδ shall be denoted
Ψ(s, δ). Also, let Ψ(s, 0) = s. The continuous transition
function Ψ(s, δ) is analogous to the discrete transition func-
tion Φ(s,A) in that δ plays the role of A. We observe the
following simple property of Ψ(s, δ).

Proposition 1. Let D be a domain description and δ1 >
0, δ2 > 0. If Ψ(s, δ1 + δ2) exists then so do Ψ(s, δ1) and
Ψ(s, δ2), and Ψ(s, δ1 + δ2) = Ψ(Ψ(s, δ1), δ2).

Example 3. Let us consider the domain description in Ex-
ample 1. Let s = {¬active,¬stable, x := 18}. We
know that s is a state. We have a discrete state transition:
Φ(s, {bind}) = {active,¬stable, x := 18}.

Given δ > 0, let Fx(t) = 18 ∗ exp(−0.1 ∗ t) and st =
{¬active,¬stable, x := Fx(t)}, for all t ∈ [0, δ]. Then sδ

and Fx satisfy the conditions in Definition 3. In particular,
observe that 18 ∗ exp(−0.1 ∗ ε) < 20 for all ε > 0, thus no
action (i.e. action degrade) can be triggered by sε. Hence,
sδ = Ψ(s0, δ) for all δ > 0.

Let Atrig(s) be the set of actions triggered by a state s.
Given a state s, let δtrig(s) be the smallest δ such that the
state sδ = Ψ(s, δ) is defined and sδ triggers at least one
action (i.e. Atrig(Ψ(s, δ)) �= ∅). Note that δtrig(s) can be
0. In this case, these sets of actions happen at the same time
in an order.

Let D be a domain description. Assume that s0 is an ini-
tial state and sets Ais of exogenous actions are performed at
time ti ( 0 ≤ t1 < . . . < tn ). At time t ≥ tn, the system
will reach a state st = Φ∗(s0, {A1 : t1, . . . , An : tn}, t)
defined as follows.

Definition 4 (State transition due to action sequence). We
define s∗ = Φ∗(s0, {A1 : t1, . . . , An : tn}, t) recursively.

• If n = 0: if t ≤ δtrig(s0) then s∗ = Ψ(s0, t), otherwise
let sδ = Ψ(s0, δtrig(s0)) then

s∗ = Φ∗(Φ(sδ, Atrig(sδ)), t− δtrig(s0))

• For n > 0: Let stn
= Φ∗(s0, {A1 : t1, . . . , An−1 :

tn−1}, tn). Then
s∗ = Φ∗(Φ(stn

, An ∪Atrig(stn
)), t− tn)

Example 4. Let us consider the domain in Example 1. Let
the initial cellular state be s0 = {¬active,¬stable, x :=
18}. Assume that the binding is induced at time 0.5, let us
find out the cellular state at time 3.1 and 4.1 (Figure 1).

During time 0 and 0.5, the level x decreases from
18, thus x < 20 and no action is triggered. At time
0.5, the cell reaches the state s0.5 = Ψ(s0, 0.5) =
{¬active,¬stable, x = 18 ∗ exp(−0.05)}. The execu-
tion of action bind at time 0.5 transforms the cell from



s0.5 to s′0.5 = {active,¬stable, x = 18 ∗ exp(−0.05)}.
From s′0.5, the flow constraint of x becomes ẋ ≡ 1. Since
action degrade is triggered at x ≥ 20, we have that
δtrig(s

′
0.5) = 20 − 18 ∗ exp(−0.05) ∼ 2.8779. At time

0.5 + δtrig(s
′
0.5) ∼ 3.3779, the action degrade is triggered,

which stabilizes the level x of Protein.
Hence, the state at time 3.1 is {active,¬stable, x =

18 ∗ exp(−0.05) + 2.6} and the state at time 4.1 is
{active, stable, x = 20}.

bind degrade

s0 s0.5 s’0.5 s’3.37s3.3779

Figure 1: A trajectory due to action bind : 0.5

The intuition of Φ∗ can be seen in light of trajectories rep-
resenting how the system evolves due to an action sequence.

Definition 5 (Trajectory due to action sequence). Let Ais
be sets of exogenous actions, and tis be continuous time
points (t0 = 0, 0 < ti < ti+1 for all i = 1, . . . , n − 1).
Let sδj

and s′δj+1
(j = 1, . . . ,m) be states. The sequence

τ = s0sδ1
(B1, δ1)s

′
δ1
sδ2

(B2, δ2) . . . (Bm, δm)s′δm
is a tra-

jectory due to the sequence of actions {A1 : t1, . . . , An :
tn} if:

• 0 ≤ δj ≤ δj+1 for j = 1, . . . ,m, and δm = tn.
• There exists j1, j2, . . . , jn = m such that δji

= ti for
i = 1, . . . , n. Furthermore:
– if j = ji for some i, then Bj = Ai ∪Atrig(sδji

).

– else, Bj = Atrig(sδji
).

• For all 0 ≤ j ≤ m−1: sδj+1
= Ψ(s′δj

, δj+1−δj) (where
s′0 = s0) and s′δj+1

= Φ(sδj+1
, Bj+1).

The following proposition shows how a trajectory due to
a sequence of actions can be computed by Φ∗.

Proposition 2. Let D be a domain description and s0 be an
initial state. Let Ais be sets of exogenous actions and tis be
continuous time points (1 ≤ i ≤ n). A trajectory due to the
sequence of actions {A1 : t1, . . . , An : tn}, if it exists, is
unique. If τ = s0st1(B1, t1)s

′
t1
st2(B2, t2) . . . (Bn, tn)s′tn

is the existing trajectory, then for all 1 ≤ i ≤ n:

• sti
= Φ∗(s0, {A1 : t1, . . . Ai−1 : ti−1}, ti).

• s′ti
= Φ∗(s0, {A1 : t1, . . . Ai : ti}, ti).

Entailment of queries Let D be a domain description, s
be a state in D and f be a temporal goal. We define an
entailment 〈D, s〉 |= f constructively as follows.

• If f is a atom, then 〈D, s〉 |= f iff s |= f .

• If f = ¬g, then 〈D, s〉 |= ¬f iff 〈D, s〉 �|= g.

• If f = g1 ∨ g2, then 〈D, s〉 |= f iff 〈D, s〉 |= g1 or
〈D, s〉 |= g2.

• If f = g1 ∧ g2, then 〈D, s〉 |= f iff 〈D, s〉 |= g1 and
〈D, s〉 |= g2.

• If f = ©[δ]g, then 〈D, s〉 |= f iff 〈D,Φ∗(s, δ)〉 |= g.

• If f = �g, then 〈D, s〉 |= f iff 〈D,Φ∗(s, t)〉 |= g for all
t ≥ 0.

• If f = ♦g, then 〈D, s〉 |= f iff 〈D,Φ∗(s, t)〉 |= g for
some t ≥ 0.

• If f = g1 ∪ g2, then 〈D, s〉 |= f iff there exists t0 ≥
0 such that 〈D,Φ∗(s, t)〉 |= g1 for all t ∈ [0, t0) and
〈D,Φ∗(s, t0)〉 |= g2.

A set O of observation is complete if for all variable
v ∈ B ∪ X, there exists an observation about v in O. In
the following, we shall consider only action theories (D,O)
where O is complete.
Let (D,O) be a theory and let Q = f after A1 : t1, A2 :
t2, . . . An : tn. Let s0 be the initial state corresponding to
O and stn

= Φ∗(s0, {A1 : t1, . . . , An : tn}, tn). The the-
ory (D,O) entails the query Q, written as (D,O) |= Q, iff
〈D, stn

〉 |= f .
Given a policy P , define

D(P ) = {f triggers a | ( do a if f) ∈ P}

Let (D,O) be a theory and let Q = f given P . The theory
(D,O) entails the query Q, if (D ∪D(P ),O) |= f .

Example 5. Let D be the domain in Example 1. Let O =
{ initially ¬active, initially ¬stable, initially x =
18}. Then we have the following entailments:

(D,O) |= �(x < 20 ∧ ¬active)

(D,O) |= ♦(x ≥ 20) after bind : 0.5

(D,O) |= ©[6]♦stable given { do bind if x = 17}

Approximation of ALCP
In the presence of continuous processes and differential
equations, we may not be able to have exact values of con-
tinuous variables at a time. As a consequence, we need ap-
proximation approaches. However, the approximation ap-
proaches should have similar properties as the original sys-
tem. For example, consider two balls rolling on the ground.
It is possible that they hit each other at a time point, and then
change their directions. In approximation, if we just take a
few time points and then calculate the positions and veloci-
ties of these two balls, we may conclude that these two balls
keep rolling without hitting each other. We should prevent
this from happening. In our approach, we consider that hit-
ting occurs whenever these two balls are close enough based
on the parameter θ.

Approximating transition functions Let D be a domain
description and θ ∈ R

+. An approximation Ψθ of the con-
tinuous transition Ψ is defined as follows.

Let s be a state in which no action is triggered. The state
s′ = Ψθ(s, 1) is such that

• For all Boolean variable f ∈ B: s′(f) = s(f).

• For all variable x ∈ X, if a flow constraint ẋ ≡ ψ is
entailed by s, then s′(x) = s(x) + θ ∗ s(ψ). Otherwise,
s′(x) = s(x).

And we define Ψθ(s, n) = Ψθ(Ψθ(s, n− 1), 1), for all n >
1. Based on Φ and Ψθ, we can define the approximation Φ∗

θ

of Φ∗.



Definition 6. We define sk = Φ∗
θ(s0, {A1 : k1, . . . , An :

kn}, k) recursively, where Ais are sets of exogenous actions
and ki and k are integers, 0 ≤ k1 < . . . < kn ≤ k.

• If n = 0: if k ≤ �δtrig(s0)/θ� then sk = Ψθ(s0, k),
otherwise let s′ = Ψθ(s0, �δtrig(s0)/θ�) then

sk = Φ∗
θ(Φ(s′), Atrig(s

′)), k − �δtrig(s0)/θ�)

• For n > 0: Let skn
= Φ∗

θ(s0, {A1 : k1, . . . , An−1 :
kn−1}, kn). Then

st = Φ∗
θ(Φ(skn

, An ∪Atrig(skn
)), k − kn)

Approximating the entailment Let D be a domain de-
scription, s be a state in D and f be a temporal goal. We
define an entailment 〈D, s〉 |=θ f constructively, similarly
to the entailment 〈D, s〉 |= f . We shall present only a part
the definition.

• If f is an atom, then 〈D, s〉 |=θ f iff s |=θ f .

• If f = g1 ∨ g2, then 〈D, s〉 |=θ f iff 〈D, s〉 |=θ g1 or
〈D, s〉 |=θ g2.

• If f = ©[δ]g, then 〈D, s〉 |=θ f iff 〈D,Φ∗
θ(s, δ)〉 |=θ g.

• If f = �g, then 〈D, s〉 |=θ f iff 〈D,Φ∗
θ(s, k)〉 |=θ g for

all integer k ≥ 0.

Let (D,O) be a theory and letQ = f after A1 : k1, A2 :
k2, . . . An : kn. Let s0 be the initial state corresponding to
O and sk = Φ∗(s0, {A1 : k1, . . . , An : kn}, k). The theory
(D,O) θ−entails the query Q, written as (D,O) |=θ Q, if
〈D, sk〉 |=θ f .

Approximating domain description Let D be a domain
description and ε ∈ R

+. An approximation D[ε] of D is
obtained from D as follows. In the rules of D:

• replace any atom of the formE1 ≤ E2 withE1 < E2 +ε;

• replace any atom of the form E1 = E2 with (E1 − ε <
E2) ∧ (E2 < E1 + ε);

Proposition 3. Let D be a domain description and AQ be
a set of atoms. Assume that the functions in F all have
bounded and continuous first derivative. Let Ais be sets of
exogenous actions (1 ≤ i ≤ n) and 0 ≤ t1 < t2 < . . . < tn.
Let s0 be any initial state and O be the observations about
s0. Then for any fixed ε > 0 there exists Θ > 0 such that for
all θ ∈ (0,Θ)

(D,O) |= Q⇔ (D[ε],O) |=θ Qθ

where Q = f after A1 : t1, . . . , An : tn with f
being built of atoms from AQ, and Qθ = f after A1 :
�t1/θ�, . . . , An : �tn/θ�.

Reasoning about Cellular Processes
The repressilator network We shall study a synthetic cel-
lular network termed the repressilator in Escherichia coli
(Elowitz & Leibler 2000). It contains a negative feed-
back loop of three proteins: lacI from E. coli, tetR from
the tetracycline-resistance transposon Tn10, and cI from λ
phage. LacI represses tetR, tetR represses cI and cI represses
LacI (Figure 2). Let us denote nis (i = 0, 1, 2) the names
lacI, tetR and cI, respectively. Let pi and mi be the protein
concentration and mRNA concentration of nis. We assume

tetR

lacIcI

Figure 2: The repressilator network

the same set of parameters as in (Elowitz & Leibler 2000),
where β denotes the ratio of protein decay rate to the mRNA
decay rate, n is a Hill coefficient and the number of protein
copies produced from a given promoter type during contin-
uous growth is α0 in the presence of saturating amounts of
repressor, while α + α0 in its absence. We assume n = 2,
which is a special case of the model proposed in (Elowitz &
Leibler 2000). Before the network reaches the steady state,
the protein concentrations pis change according to the dif-
ferential equations (i = 0, 1, 2):

ṗi = −β(pi −mi)
When the binding between transcription factors and DNA

is non-cooperative, the changes in mRNA concentrations are
described by the differential equations

ṁi = −mi +
α

1 + pi−1

+ α0

where i = 0, 1, 2 and i− 1 is computed in module 3.
When the binding is cooperative due to some enzymes,

we have the other set of differential equations (i = 0, 1, 2)

ṁi = −mi +
α

1 + p2
i−1

+ α0

Representing the repressilator Let us consider the alpha-
bet containing Boolean variables coop, steady and contin-
uous variables pi and mi (i = 0, 1, 2). The variable coop
represents that the binding is cooperative, while steady rep-
resents the steady state. The continuous variables represent
the concentrations described previously. Let F be the set
of all polynomial functions of the continuous variables. Let
stabilize be a triggered action, which is triggered when the
concentration of a protein is equal to its mRNA concentra-
tion. Let add(enzymes) be a exogenous action, which in-
troduce enzymes catalyzing the cooperative binding.

The repressilator is represented by the following rules,
where i = 0, 1, 2:

¬coop constrains ṁi ≡ −mi +
α

1 + pi−1

+ α0

coop constrains ṁi ≡ −mi +
α

1 + p2
i−1

+ α0

¬steady constrains ṗi ≡ −β(pi −mi)

add(enzymes) causes coop

stabilize causes steady

pi = mi triggers stabilize

Approximation results We implemented the approxima-
tion and evaluated an example query Q = ♦� steady. The



α α0 β ε θ convergence steps C p0 p1 p2

10 0 5 10−5 0.01 ≥ 20000 0.1 1.99990 2.00028 1.99983
10 0 5 10−5 0.01 ≥ 20000 100 1.99993 1.99998 2.00008
10 0 20 10−5 0.01 4857 0.1 1.99989 2.00016 1.99992
10 0 20 10−5 0.01 3921 100 2.00010 1.99984 2.00005
103 1 5 10−5 0.01 ≥ 20000 0.1 6.03828 17.68638 12.23005
103 1 5 10−5 0.01 ≥ 20000 100 15.0747 6.92404 12.90286
103 1 120 10−5 0.01 9945 0.1 10.31323 10.31308 10.31443
103 1 120 10−5 0.01 7743 100 10.31270 10.31398 10.31406

Table 1: Experiment with Different Parameters

initial state is s0 = {coop,¬steady, p0 = p1 = p2 =
0,m0 = m1 = m2 = C}, where C is a constant. Let O
be the observations about s0.

The approximation result is shown in Table 1. The param-
eters C corresponds to the initial concentration of mRNA,
p0, p1, p2 are the protein concentrations of their respective
ni, while θ and ε have the same meanings as in the previous
section. That is, θ is the constant in the approximation Ψθ

of transition function Ψ and ε is the constant used in the ap-
proximationD[ε] of the domain D. The third line of the table
shows that the formula � steady becomes true at the 4857th

approximate state: Φ∗
0.01(s0, 4857) |= � steady (with re-

spect to domain D[0.00001]). Thus (D[0.00001],O) |=0.01

♦� steady. Notice that the results correspond to the ones
presented by (Elowitz & Leibler 2000) also. Experiments
with various settings of θ suggests that θ < 1 is good for
ε < 0.001.

Related Works
The language ALCP can be distinguished from existing
works in action languages based on various important as-
pects: the intuitiveness of high-level action language A,
transition function based and hybrid automata based seman-
tics (Henzinger 1996), reasoning about continuous changes,
triggered actions, and available support for efficient imple-
mentation of reasoning. We now discuss a few representa-
tive related works.

Two extensions of the language A have been proposed
for reasoning about continuous changes (Baral, Son, &
Tuan 2002; Chintabathina, Gelfond, & Watson 2005). In
(Baral, Son, & Tuan 2002), there is no easy way to rep-
resent triggers, since actions are associated with durations
and delayed effects. In the process description language of
(Chintabathina, Gelfond, & Watson 2005), states are associ-
ated with predefined durations. Due to this notion of states,
it would be difficult to extend the process description lan-
guage with triggers. The reason is that we usually do not
know the execution of the trigger unless when we know that
its conditions are satisfied, which we can only be known ex-
actly by solving (usually complex) sets of functions and/or
differential equations. Thus the duration of s that lead to a
trigger is not known beforehand.

Some special type of triggers can be modeled in the plan-
ning language PDDL2.1 (Fox & Long 2003) by a combi-
nation of conditional effects and duration inequalities. Yet

planning languages are not aimed to support issues of rea-
soning about actions such as counterfactual reasoning or ex-
planation.

There exists a large body of research in hybrid (discrete-
continuous) systems, for example (Sandewall 1989; Kolen
& Zhao 1996; Mosterman, Zhao, & Biswas 1997; R. Alur,
T.A. Henzinger, & G.J. Pappas 2000; McIlraith et al. 2000;
F. Zhao et al. 2001; Narasimhan & Biswas 2002; 2003;
K.Nakamura & Fusaoka 2004). Nevertheless, most of works
in hybrid systems have not been aimed at reasoning about
actions and triggers and their effects. The focus of this work
is to provide an action language for reasoning about contin-
uous processes in the cell.

Discussion and Future Work
In this paper, we proposed a new language for representing
and reasoning about a cell as a hybrid system that also takes
care of both exogenous actions and triggered actions. Our
language is based on the hybrid automata semantics. It can
be easily extended to model actions that have delayed ef-
fects, concurrent actions, actions with durations etc. Let us
take the modeling of delayed effects as an example. When-
ever an action with delayed effects is executed, we set up a
trigger for each of its delayed effects. For example, if we
know that one of the effects of an action is delayed for 20
minutes, we may have the following rules:

a causes y = 20

a causes g

g constrains ẏ ≡ −1

y = 0 triggers delayed action

delayed action causes delayed effects

In the above program, a Boolean variable g, a real variable
y, and a trigger delayed action are all auxiliary variables
that do not occur in other parts of the program.

Action Language approach of dealing with transition sys-
tems considers the translation of discrete states in a step
manner but not a time manner. In this approach, a few steps
may belong to the same time point. In a system with contin-
uous properties, the continuous variables may change their
values at different time, so it is not sufficient to consider only
steps. We should also take into account real time. Keep in
mind that our language can model hybrid systems that have
both continuous properties and discrete properties. In our



language, states are distinguished based on real time points.
Thus a variable can changes its value for multiple times at
one particular time point. For example, consider the follow-
ing domain description:

f ∧ (v = 2) triggers a

a causes ¬f

¬f triggers b

b causes g

We have a state s = {f,¬g, v = 2}. We know s1 =
{¬f,¬g, v = 2} = Φ(s, a) and s2 = {f, g, v = 2} =
Φ(s1, b). It can be implied that two triggers a and b are ex-
ecuted one after another but they happened at the same time
point. In this paper and in reality, we assume that there are
at most finite number of transitions at one time point.

If there are multiple different states at a time point, a vari-
able may have a few different values at a time. This is a
common property of systems that combines continuous and
discrete variables. In terms of future work, we need to dis-
tinguish steps from time points. A better definition of trajec-
tories, and consequently richer query languages are needed
for such systems. We are also interested in having an effi-
cient implementation of the reasoning mechanisms, in which
we plan to take advantage of state-of-the-art methods from
hybrid automata and symbolic model checking.
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